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Abstract.
We investigate theoretically quantum entanglement of light with the collec-
tive spin polarization of a cold atomic ensemble in cavity-assisted Raman schemes.
Previous works concentrated mostly on the bad cavity limit where the signals are
much longer than the cavity field lifetime. In view of atomic relaxation and other
imperfections, there may arise a need to speed-up the light-atoms interface oper-
ation. By increasing the cavity field lifetime, one can achieve better light-matter
coupling and entanglement. In our work, we consider the non-adiabatic effects
that become important beyond the bad cavity limit in both low-photon and con-
tinuous variables regime. We find classical control field time profiles that allow
one to retrieve from the cavity an output quantized signal of a predefined time
shape and duration, which is optimal for the homodyne detection, optical mixing
or further manipulation. This is done for a wide range of the signal duration
as compared to the cavity field lifetime. We discuss an optimal cavity–atomic
ensemble matching in terms of the cavity field lifetime which allows one to apply
less intense control field and to minimize a variety of non-linear effects, such as
AC light shifts, four-wave mixing, etc, which may be potentially harmful to an
experiment.
Keywords: Quantum entanglement, cavity QED, non-linear light-matter inter-
action
PACS numbers: 42.50.Ex, 32.80.Qk
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1. Introduction
Quantum entanglement is an important resource for quantum information, including
high-speed and long-distance quantum communication, circuit quantum computation
etc. Raman scattering [1] is commonly used to produce the light-matter entanglement.
At an early stage in the study of statistical properties of Raman scattering, the main
focus was on the statistics of Stokes light itself. An important contribution to the
theory of fluctuations in superfluorescence, including the Raman superfluorescence,
was due to Glauber et al. [2].
In order to create light-matter entanglement at single-quantum level, pump field
photon is exchanged for the Stokes or anti-Stokes photon and matter excitation. A
single photon generation [3] was achieved with a single atom, trapped ion, color center
in a solid, and quantum dot. By using an atomic ensemble, one can enhance the light-
matter coupling. There was observed entanglement between two atomic ensembles
located in spatially separated positions [4], and between two spatial waves of the
collective atomic coherence in a single atomic ensemble [5]. Through three-photon
interference, the three cold atomic ensembles in independent quantum memory cells
were heraldedly entangled via measuring the photons and applying feedforward [6].
Heralded single excitations can be created and stored as collective spin waves in a
room temperature atomic ensemble using spectral filtering performed by a high-finesse
cavity [7]. In general, the cavity-assisted schemes [7, 6] make it possible to effectively
control the light-matter coupling and the signal field mode structure, as well as the
linewidth of the generated photon.
In the continuous variables (CV) domain [8], a resource for squeezing and
entanglement is provided by the quantized light interaction with an atomic ensemble
[9, 10, 11]. If stimulated Raman scattering (SRS) is involved, multi-atomic collective
spin in the medium supports amplification of spontaneous Stokes photons [1, 12]. The
CV squeezing and entanglement in the Raman schemes were investigated in many
works, including free space [13] and cavity-assisted configurations [14, 15, 16]. An
atom-light nonlinear interferometer [17] based on the interference of subsequent events
of SRS in an atomic ensemble is a sensitive probe of the atomic or optical phase change.
In this paper, we investigate theoretically the non-adiabatic effects in cavity-
assisted Raman schemes for generation of squeezing and entanglement, operated
beyond the bad cavity limit in both the low-photon and CV regimes. Starting from
the bad cavity limit, we demonstrate how an increase in the cavity field lifetime results
in better light-matter coupling. On the other hand, we show that far beyond the bad
cavity regime one can properly shape the signal only by applying a stronger control
field. We reveal an optimal cavity–atomic ensemble matching with respect to the
cavity field lifetime, which allows one to apply less intense control field. Surprisingly,
our optimal estimate for the cavity field lifetime as compared to the signal duration
is approximately the same for the low-photon and CV operation modes.
We find the classical control field time profiles that allow one to retrieve from the
cavity the output quantized signal of a predefined time shape and duration, which is
optimal for the homodyne detection, optical mixing or further manipulation. This is
done for a wide range of the signal duration as compared to the cavity field lifetime.
Our results make it possible to minimize a variety of non-linear effects, such as AC
light shifts, four-wave mixing, etc, which may be potentially harmful to an experiment.
The collective spin-output signal entanglement and squeezing are analyzed by
making use of the Bogolyubov transformation and Bloch-Messiah reduction [18]. In
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our model, this can be done in a general form, that is, in terms of Green’s functions.
Our approach can be generalized to the generation of multimode entangled states
of light and atoms. There is a variety of schemes of essentially multimode operation
of the atom-light interaction in the low-photon [3] and CV regime [20, 21, 22, 23, 24]
using spatio-temporal patterns of both the classical control and the signal field, or a
direct manipulation of the collective spin waves by means of the spatially structured
AC Stark shift [25], or by making use of the controllable Zeeman shift [26] of atomic
levels.
The suggested optimization of the generated signals duration, their temporal
profile and degree of entanglement and squeezing when applied to multimode regimes
of operation may significantly speed-up quantum protocols leading towards robust and
efficient quantum communication, quantum computation and quantum metrology.
2. Cavity-assisted interaction of light with an atomic ensemble beyond
the bad cavity limit
The scheme to be considered appears in figure 1. The Hamiltonian of electric
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Figure 1. Schematic of cavity-assisted Raman system for generation of light-
matter entanglement. A control field (double arrow) induces two-quantum
transition in Λ-scheme, and atomic collective spin excitation is stored in the
coherence between the lower levels (gray arrow). The output Stokes signal of
duration T is assumed to have predefined quasi-Gaussian time profile E0(t/T ),
see equation (27).
dipole interaction of N motionless atoms with the cavity field in the rotating wave
approximation is given by H = H0 + V , where
H0 = h¯ωca
†a+ h¯
N∑
j=1
(
ωsgσ
(j)
ss + ωfgσ
(j)
ff
)
,
V = −h¯
N∑
j=1
[
Ω(t)σ
(j)
fg e
−iωpt + agσ
(j)
fs
]
+ h.c.
Here a is quantized cavity field which we consider in single-mode approximation, and
σ
(j)
nm = (|n〉〈m|)(j) is the atomic transition operator for the j-th atom, where ωnm is the
transition frequency. The interaction Hamiltonian written in the Schrodinger picture
explicitly depends on classical control field with Rabi frequency (the slow amplitude)
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Ω(t). The control field Raman scattering produces bosonic quanta pairs (the light and
the collective spin, see below).
Similar to parametric generation of pairs in χ(2) non-linear media, in the limit of
a weak coupling this process can be considered as an analog of spontaneous parametric
downconversion, while strong coupling makes it possible to achieve, in the regime of
parametric superluminescence, a high degree of squeezing and entanglement between
the light and matter degrees of freedom.
The cavity frequency ωc and the classical control field frequency ωp = ωc+ωsg are
matched in such a way as to support two-quantum resonance, g is coupling parameter
for the quantized mode field.
Spatial factors are omitted in the Hamiltonian since for the co-propagating control
and quantized fields the difference between the longitudinal wave numbers kpz − kcz
does not manifest itself on the atomic cloud length. This can be a good approximation
for atomic coherence generated within the same hyperfine level. In case of two different
hyperfine levels, the spin polariton might be of an essentially space-dependent form.
We do not consider here spatial addressability resource which allows for an essentially
multimode light-atoms interface operation [24].
The slow amplitudes of the field and the collective atomic observables are
introduced as
E(t) = a(t) exp(iωct), (1)
σgs(t) =
N∑
j=1
σ(j)gs (t)e
iωsgt, (2)
σsf (t) =
N∑
j=1
σ
(j)
sf (t)e
iωct, σgf (t) =
N∑
j=1
σ
(j)
gf (t)e
i(ωc+ωsg)t. (3)
The Heisenberg equations of motion are derived and linearized under the assumption
that the ground state g does not change its population within the evolution time
interval (0, T ), σ
(j)
gg (t)→ 1, while the population σ(j)ss and σ(j)ff can be neglected. The
cross-coherence σ
(j)
sf is small in this limit, but must be accounted for since it couples
the cavity field to the atoms.
By introducing the cavity field decay at a rate κ and the input cavity field Ein(t),
we arrive at
E˙(t) = −κE(t) + igσsf (t) +
√
2κEin(t), (4)
σ˙gs(t) = −iΩ(t)σfs(t) + igE†(t)σgf (t), (5)
σ˙gf (t) = −i∆σgf (t) + iΩ(t)N + igE(t)σgs(t), (6)
σ˙sf (t) = −i∆σsf (t) + iΩ(t)σsg(t), (7)
where ∆ = ωfg − ωp is the Raman frequency mismatch. The output quantized field
amplitude is given by standard input-output relation,
Eout(t) =
√
2κ E(t)− Ein(t),
which is valid for a high-finesse cavity with a close to unity reflectivity of the
cavity mirrors. The free-space input and output fields satisfy standard commutation
relations,
[Ein(t), E†in(t′)] = [Eout(t), E†out(t′)] = δ(t− t′),
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which preserve the commutation relation [E(t), E†(t)] = 1 for the cavity field.
Next, we perform the adiabatic elimination. That is, we assume the Raman
regime condition when the frequency mismatch |∆| is much larger than other frequency
parameters of the scheme. The quantities (d/dt)σgf and (d/dt)σsf are set to zero,
the corresponding cross-coherences are expressed in terms of other variables and
substituted into the remaining equations. In the following, we use the notation S(t) for
the collective spin amplitude, S(t) = σgs(t)/
√
N . It is straightforward to demonstrate
that due to the property σkl(t)σmn(t) = δlmδkn of the atomic operators, the collective
spin amplitude S(t) is bosonic under the assumption of zero population of s and f
states,
[S(t), S†(t)] = 1.
We arrive at
E˙(t) = −κE(t) + i g
√
N
∆
Ω(t)S†(t) +
√
2κEin(t), (8)
S˙(t) = −i
[ |Ω(t)|2
∆
− g2 E
†E
∆
]
S(t) + i
g
√
N
∆
Ω(t)E†(t). (9)
Now we introduce physically reasonable corrections to the observables’ frequencies.
The cavity mode frequency shift due to linear refractive index is absent in our model,
since the lower state s of the f−s transition is not populated. The dynamic correction
δs(t) to the frequency ωsg of the s− g transition due to AC Stark shift of the ground
state, induced by the strong control field, results in an additional phase ϕs(t) of the
collective spin coherence, σgs(t) ∼ exp(−iϕs(t)), where
δs(t) =
|Ω(t)|2
∆
, ϕs(t) =
∫ t
0
dt′δs(t
′).
The frequency shift of the state s induced by the quantized cavity field will be dropped,
since the number of cavity photons is assumed to be relatively small, 〈E†E〉 ≪ |Ω|2.
The phase correction ϕs(t) is incorporated into a new self-consistent set of slow field
and atomic variables,
S(t) = e−iϕs(t)S˜(t), Ω(t) = e−iϕs(t)Ω˜(t).
This yields,
E˙(t) = −κE(t) + i g
√
N
∆
Ω˜(t)S˜†(t) +
√
2κEin(t), (10)
˙˜S(t) = i
g
√
N
∆
Ω˜(t)E†(t). (11)
In the following, we drop the tildes in these equations for brevity.
Let us introduce dimensionless time τ = 2κt measured in the units of the cavity
field lifetime. The equation (10) together with the Hermitian conjugate counterpart
of (11) make up a complete set of linear equations for the field and spin observables,
d
dτ
E(τ) = −1
2
E(τ) + ik(τ)S†(τ) + Ein(τ), (12)
d
dτ
S†(τ) = −ik∗(τ)E(τ). (13)
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Here
k(τ) =
g
√
N
2κ∆
Ω(τ), (14)
is dimensionless coupling parameter, proportional to the control field strength. The
dimensionless free-space fields, Ein(t)/
√
2κ→ Ein(τ), satisfy the commutation relation
[Ein(τ), E†in(τ ′)] = [Eout(τ), E†out(τ ′)] = δ(τ − τ ′).
One can represent the solution of linear equations (12, 13) for E and S† in terms of
dimensionless Green’s functions Gnm(τ, τ
′), n,m = E , S†. For the observables S, E
and E(out) this yields:
S(τ) = G∗S†S†(τ, 0)S(0)+G
∗
S†E(τ, 0)E†(0)+
∫ τ
0
dτ ′G∗S†E(τ, τ
′)E†in(τ ′),(15)
E(τ) = GEE(τ, 0)E(0)+
∫ τ
0
dτ ′GEE(τ, τ
′)Ein(τ ′)+GES†(τ, 0)S†(0),(16)
Eout(τ) = E(τ) − Ein(τ). (17)
The equations (15 - 17) represent the Bogolyubov transformation, which for a general
set of input-output field amplitudes, ~a(in) ∼ {a(in)n }, ~a(out) ∼ {a(out)n }, is given by
~a(out) = A~a(in) +B~a(in)†. (18)
In terms of the Bloch-Messiah reduction [18], the matrices A and B are represented
as
A = UA(D)V †, B = UB(D)V T , (19)
where U and V are unitary matrices, and A(D), B(D) – non-negative (that is, with
non-negative eigen numbers) diagonal matrices, such that
A(D)2 −B(D)2 = I.
The bosonic input and output amplitudes of the modes that are eigen for the
Bogolyubov transform are
~I = V †~a(in), ~O = U †~a(out),
or
In =
∑
m
V ∗mna
(in)
m , On =
∑
m
U∗mna
(out)
m .
Inserting these definitions together with (19) into (18) one arrives at squeezing
transformations of the form
On = A
(D)
n In +B
(D)
n I
†
n. (20)
The sets of input and output quantized amplitudes which undergo squeezing
correspond to non-zero values B
(D)
n .
In our model, one can find the Bloch-Messiah representation of the field and
collective spin evolution in a general form (that is, in terms of Green’s functions),
see Appendix. There are two input and two output bosonic amplitudes that undergo
degenerate squeezing in agreement with (A.9). These amplitudes are found to be
I1 =
e−iξG/2√
2
(I ′1 + I
′
2) , I2 = −i
e−iξG/2√
2
(I ′1 − I ′2) , (21)
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and
O1 =
eiξG/2√
2
(O′1 +O
′
2) , O2 = i
eiξG/2√
2
(O′1 −O′2) , (22)
respectively, where I ′1,2 and O
′
1,2 are defined as
I ′1 =
1√
N1
(
GS†E(T , 0)E(0) +
∫ T
0
dτGS†E(T , τ)Ein(τ)
)
, (23)
I ′2 = S(0), (24)
and
O′1 = S(T ), (25)
O′2 =
1√
N2
(
G∗ES†(T , 0)E(T ) +
∫ T
0
dτG∗ES†(τ, 0)Eout(τ)
)
. (26)
Here GS†S†(T , 0) = eiξG/2 |GS†S†(T , 0)|, and N1, N2 are the normalization
coefficients,
N1 = |GS†E(T , 0)|2+
∫ T
0
dτ |GS†E(T , τ)|2, N2 = |GES†(T , 0)|2+
∫ T
0
dτ |GES†(τ, 0)|2,
such that
[I ′n, I
′†
m] = [O
′
n, O
′†
m] = δnm.
As shown in Appendix (see (A.6)),
N1 = N2 = |GS†S†(T , 0)|2 − 1.
In the following, we shall discuss the shape of the control field Ω(τ) which allows one to
retrieve an output signal in a given temporal mode E0(τ), convenient for the detection
or further manipulation. This mode is assumed to have a normalized quasi-Gaussian
shape of duration T , shown in figure 1,
E0(τ) = NE
[
exp[−4(τ/T − 1/2)2]− e−1] cos2[π(τ/T − 1/2)], (27)∫ T
0
dτE20 (τ) = 1,
where NE is the normalization coefficient. Quantized amplitude Ed of the signal is
given by the projection of the output field onto E0,
Ed =
∫ T
0
dτE∗0 (τ)Eout(τ), [Ed, E†d ] = 1.
We assume that one controls the system in such a way that
1√
N0
GES†(τ, 0) = E0(τ), (28)
where N0 is the normalization coefficient. It is evident from (26) that the output
amplitude O′2 is a superposition of the signal amplitude Ed and the resulting cavity
field,
O′2 =
1√
N2
(
G∗ES†(T , 0)E(T ) +
√
N0Ed
)
.
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Here all bosonic amplitudes are properly normalized if N0 = |GS†S†(T , 0)|2 −
|GES†(T , 0)|2 − 1. In general, the output signal amplitude Ed is not eigen for the
squeezing transformation and is represented by a beamsplitter-like equation
Ed = √ηO′2 +
√
1− ηO′v.
The amplitude O′v represents an output oscillator which does not undergo squeezing
(that is, belongs to a set of degrees of freedom for which B
(D)
j = 0, j = v), and is
assumed to be in vacuum state. Here
√
η is projection of the signal mode (28) onto
the eigen output mode O′2, and
η =
N0
N2
= 1− |GES†(T , 0)|
2
|GS†S†(T , 0)|2 − 1
≤ 1, (29)
is quantum efficiency of the retrieval of photons generated by Raman luminescence by
the time T (by the end of observation) from the cavity.
Finally, we make use of (22) and relate the observables S(T ) and Ed to the output
eigenmodes of squeezing,
S(T ) = e
−iξG/2
√
2
(O1 − iO2), (30)
Ed = e
−iξG/2
√
2
√
η(O1 + iO2) +
√
1− ηOv. (31)
Quadrature amplitudes of the observables S(T ) and Ed that make it possible to
minimize the variance used in the Duan inseparability criterion [19] for continuous
variables are introduced as
XS = Re e
iξG/2S(T ), YS = Im eiξG/2S(T ),
and similar for XE , YE . For vacuum initial conditions the variance itself is found to
be
〈[(XS −XE)2 + (YS + YE)2]〉 =
1
4
[
(
√
η − 1)2e2r + (√η + 1)2e−2r + 2(1− η)] . (32)
The stretching and squeezing factor e±r in terms of the Green’s functions is given by
(35). The retrieved signal mode E0(τ) is assumed to be of the form (27) in our theory,
which implies E0(T ) = 0 and hence GES†(T , 0) = 0, see (28). The signal retrieval
efficiency (29) is found to be η = 1, that is, no field left in the cavity by T . The
variance (32) is minimal in this limit and reads as
〈[(XS −XE)2 + (YS + YE)2]〉 = e−2r.
3. Optimal control of squeezing and light-matter entanglement beyond
the adiabatic limit
In this section, we start by estimating the control field time profile that matches the
predefined signal mode (27) for different cavity decay rates, including the bad cavity
limit as well as essentially non-adiabatic regimes of the atoms–field interaction.
In order to reveal an optimal matching of the cavity field lifetime with the signal
duration, we further address the situation which might be of interest for an experiment.
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That is, if there is a given atomic cell and a control field source, which cavity quality
has to be chosen in order to achieve a given degree of squeezing and entanglement for
the signal mode of given shape and duration by applying less intensive control field.
This might be important in order to minimize a variety of harmful non-linear effects
that might arise in the scheme.
The signal time profile is related to the Green’s function GES† by (28). This
Green’s function can be found from the semiclassical version of the basic equations
(12, 13) with the initial condition E(0) = 0, S∗(0) = 1.
The matter and the cavity field excitations are generated in pairs, and then
the field excitations leak through the output port. This leads to the semiclassical
excitation balance of the form
d
dτ
(|S(τ)|2 − |E(τ)|2) = |E(τ)|2,
as it follows from (12, 13). Consider a signal with the normalized shape E0(τ) and an
arbitrary amplitude,
E(τ) = √n0E0(τ). (33)
The time-dependent collective spin amplitude which matches the signal can be derived
from
|S(τ)|2 = |S(0)|2 + n0
[
|E0(τ)|2 − |E0(0)|2 +
∫ τ
0
dτ ′|E0(τ ′)|2
]
.
Assuming S(τ) is real, the coupling parameter (14) that matches (12) is found to be
ik(τ) =
√
n0
|S(τ)|
[
d
dτ
E0(τ) + E0(τ)/2
]
. (34)
We have chosen the signal mode profile E0(τ) such that E(0) = 0, and for the initial
condition S∗(0) = 1 this just gives the control field shape which matches the needed
form of the Green’s function GES†(τ). Note that the semiclassical version of (16),
where E(0) = 0 and Ein(τ) → 0, reads as E(τ) = GES†(τ). It follows from (28), that
the norm of the signal (33) is
n0 = N0 = |GS†S†(T , 0)|2 − |GES†(T , 0)|2 − 1.
As seen from (20), the real and imaginary quadrature amplitudes of the output
eigenmodes On are stretched and squeezed with respect to these of the input
eigenmodes In by the factors e
r and e−r respectively, where
e±r = A(D)n ±B(D)n = |GS†S†(T , 0)| ±
√
|GS†S†(T , 0)|2 − 1. (35)
Since the output signal amplitude is related to the eigenmodes of squeezing by (31),
the average number of photons in the signal is found to be
〈E†dEd〉 =
η
2
[cosh(2r)− 1] = n0.
In our calculations, the semiclassical version of (12, 13) was solved numerically with
the coupling parameter (34) and with the initial conditions that match the Green’s
functions GS†S†(T , 0) and GES†(τ, 0). The output signal mode profile found from this
procedure was in perfect agreement with the predefined one, see (27).
Assuming the signal is of the given form and duration T (in seconds), and the
atomic cell parameters are also given, we introduce the atoms–field coupling parameter
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q(τ) whose definition does not change with the cavity decay rate and represents the
control field strength in physical units, multiplied by a constant factor,
q(τ) = 2κTk(τ) = T
g
√
N
∆
Ω(τ).
We show in figures 2 - 4 the coupling parameter as a function of the dimensionless time
t/T . Namely, we plot the quantity k′(t/T ) ≡ q(τ = (t/T )T ) for a set of factors er and
corresponding average photon numbers n0 in the retrieved signal. The values e
r = 1.4
0.2 0.4 0.6 0.8 1.0
t/T
- 2
- 1
1
2
3
k'(t/T)
1
2
3
4
5
6
7
8
Figure 2. Control field time profiles defined in section 3, evaluated for different
values of the ratio T/tc = 2κT of the signal duration T (which is assumed to be
fixed in this calculation, while tc varies) to the cavity field lifetime. The curves
1. . . 8 correspond to T/tc = 1; 2; 4; 8; 16; 32; 64; 128, where the first curve
represents an essentially non-adiabatic regime, and the last one illustrates the
bad cavity limit. In this plots the squeezing and entanglement parameters are
er = 1.4 and n0 ≈ 0.12, and correspond to spontaneous generation of random
light-matter quanta pairs.
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Figure 3. The same as in figure 2 for medium degree of squeezing and
entanglement, er = 6.5 and n0 ≈ 10.
and n0 ≈ 0.12 represent spontaneous parametric generation of random light-matter
quanta pairs, which is commonly used for the probabilistic heralded creation of single
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Figure 4. The same as in figure 2 for large degree of squeezing and entanglement,
er = 20 and n0 ≈ 100.
collective spin excitations. A medium and large degree of squeezing and entanglement
are represented by the values er = 5, n0 ≈ 10, and er = 20, n0 ≈ 100, respectively.
In the bad cavity limit, the cavity excitations lifetime tc = 1/2κ is much less than
the signal duration, T/tc = 2κT ≫ 1. Beyond the bad cavity limit, an essentially
non-adiabatic regime takes place when the cavity field lifetime becomes comparable
with the signal duration T . As seen from the plots, in the latter case one needs control
field shape which is switching its sign at some time moment ts.
The latter effect has an analogy in cavity assisted atomic quantum memories
beyond the bad cavity limit [27, 28]. Both in the memory and the squeezing
configurations, the cavity with a certain field lifetime does not allow to shape properly
a steep rear slope of the signal field leaking out of the cavity after ts. In both cases one
has to switch at ts the direction of the energy flow, and to convert some cavity photons
back to the collective spin (memory), or to up-convert some pairs of light and matter
quanta back to the control field (squeezing). It is clear from this interpretation, that
the time moment ts is the same for both devices given the same cavity excitations
lifetime and the same signal shape, and does not depend on the degree of squeezing.
In case of squeezing, the degree of squeezing and light-matter entanglement achieved
by the time moment ts decreases during final stage of evolution, as illustrated in
figure 5 for short signal, T/tc = 1 and medium degree of the output squeezing and
entanglement, er = 6.5, and n0 ≈ 10. In this plot we represent time-dependent
intermediate degree of squeezing with the parameter exp(r(τ)) evaluated using (35),
where T → τ .
An important distinction between the memory and the squeezing cavity-assisted
schemes beyond the adiabatic approximation is that for some applications the
memories with essentially degraded quantum efficiency are considered to be useless,
but this is not the case for squeezing. Even for “short” signals in the timescale of
the cavity decay time one can achieve a needed degree of the output squeezing and
entanglement at the expense of the control field power, as seen from the plots 2 - 4
for T/tc = 8; 4; 2; 1.
Starting from the bad cavity limit, T/tc = 128; 64; 32; 16; 8, one can achieve the
same degree of squeezing and entanglement by increasing the cavity field lifetime and
applying less intense control field, since this provides a longer interaction time.
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Figure 5. Time-dependent parameter of the squeezing and entanglement
present in the system, evaluated for short signal and medium degree of output
entanglement, T/tc = 1, er = 6.5 and n0 ≈ 10.
Surprisingly, an optimal matching of the cavity excitations lifetime with the signal
duration, which assures a minimal control field peak power, is achieved for T ≈ 8tc
for any degree of squeezing and entanglement.
Appendix A. Eigenmodes of squeezing and Bloch-Messiah reduction
We consider the field and collective spin evolution within a given time interval (0, T ).
The complete initial set of bosonic amplitudes at t = 0 is composed of S(0), E(0), and
{Ein(τ)}, where τ runs from 0 to T = 2κT . Note that the field Ein(τ) arrives at the
input port at a time moment τ , and initially is located at a distance - ct from the
cavity. Hence, the amplitudes Ein(τ) can be viewed at as initial field amplitudes at
remote locations in the Heisenberg picture.
Similarly, the complete final set of amplitudes at t = T is composed of S(T ),
E(T ), and {Eout(τ)}, where 0 < τ < T , and the Bogolyubov transformation (15
- 17) is equivalent to unitary evolution on the time interval (0, T ), where bosonic
commutation relations of the observables are preserved if
AA† −BB† = I, ABT = BAT . (A.1)
In order to diagonalize B, one has to single out the terms that perform mapping
a
(in)†
n → a(out)m in (15 - 17) and hence belong to B. The relevant input and
output bosonic amplitudes were already introduced in (23 - 26). The matrices of
the Bogolyubov tranformation (15 - 17) that arise in the basis of the introduced above
bosonic amplitudes are labeled A′, B′, etc.
Let us explain the structure of the amplitudes (23 - 26). The conjugates of the
input amplitudes I ′n, n = 1, 2, are explicitly present in the right side of (15 - 17), so
the mapping attributed to B is given by
SB(T ) =
√
N1I
′†
1 , EB(T ) = GES†(T , 0)I ′†2 , (A.2)
EB(τ) = GES†(τ, 0)I ′†2 , (A.3)
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where the superscript B specifies the relevant contributions. An arbitrary output
bosonic amplitude O′m of the form
O′m = C
(m)
S S(T ) + C(m)E E(T ) +
∫ T
0
dτC
(m)
E (τ)E(τ),
is specified by a normalized complex vector {C(m)S , C(m)E , {C(m)E (τ)}}. The
output amplitudes O′n (25, 26) for n = 1, 2, are represented by the vectors
(1/
√
N2){0, G∗ES†(T ), {G∗ES†}} and {1, 0, 0} respectively.
The negative-frequency contributions to O′n, n = 1, 2, that stem from B are
evaluated by using (A.2, A.3) and arise in the form
O′B1 =
√
N1I
′†
1 , O
′B
2 =
√
N2I
′†
2 .
It follows from (A.2, A.3) that if the vector which represents O′m is orthogonal to these
for O′1 and O
′
2, the amplitude O
′
m does not undergo squeezing, that is, O
′B
m = 0. This
yields diagonal representation of B′:
~O′B = B′~I ′†, O′Bn =
∑
n
B′nmI
′†
m, n,m = 1, 2, (A.4)
where B′11 = B
′(D)
1 =
√
N1, B
′
22 = B
′(D)
2 =
√
N2.
In the case of degenerate squeezing, this diagonal representation still does not
ensure diagonal form of A′. We have to admit for the introduced above input
and output amplitudes which undergo squeezing transformation that the mapping
performed by A is
~O′A = A′~I ′, O′An =
∑
n
A′nmI
′
m, n,m = 1, 2. (A.5)
Here the contributions to the output amplitudes that are due to A are labeled O′An .
It follows from (15 - 17), that (i) O′A1 = G
∗
S†S†(T , 0)I ′2, and (ii) A performs mapping
between the input and the output field degrees of freedom only. The latter implies
that there is no other possibility for A as to map I ′1 onto O
′
2 within the essential
subsets of oscillators specified by (23 - 26). The non-zero matrix elements of A′ are
A′12 = G
∗
S†S†(T , 0) and A′21.
It follows from the first equation (A.1) that
N1 = |GS†S†(T , 0)|2 − 1, N2 = |A′21|2 − 1, (A.6)
and, consequently, the second one yields A′21 = G
∗
S†S†(T , 0) and N2 = N1. We arrive
at the Bogolyubov transformation ~O′ = A′~I ′ +B′~I ′†, where
A′ = G∗S†S†(T , 0)
[
0 1
1 0
]
, B′ =
√
|GS†S†(T , 0)|2 − 1
[
1 0
0 1
]
.
In order to bring A′ to diagonal form, we define new input and output bosonic
amplitudes within the subsets of observables that undergo degenerate squeezing,
~I = D∗~I ′, ~O = D~O′, (A.7)
where D is a unitary matrix. Similar to (A.4, A.5), new Bogolyubov transformation
matrices A and B are introduced via
~OA = A~I, ~OB = B~I†.
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This yields
A = DA′DT , B = DB′D† = B′. (A.8)
Let us define D as
D =
eiξG/2√
2
[
1 1
i −i
]
,
where GS†S†(T , 0) = eiξG/2 |GS†S†(T , 0)|. Inserting this into (A.8), we arrive at the
diagonal form of A and B and eventually at the Bloch-Messiah representation (20) for
our model, where
A
(D)
1,2 = |GS†S†(T , 0)| , B(D)1,2 =
√
|GS†S†(T , 0)|2 − 1, (A.9)
and the input and output eigenmodes of squeezing are given by (A.7).
Conclusion
We have considered the non-adiabatic effects in quantum entanglement between light
and collective spin polarization of a cold atomic ensemble. Entanglement we deal
with results from the interaction of Stokes light wave with atoms in cavity-assisted
scheme both in the low-photon and CV regimes. We assume that the retrieved Stokes
signal has a predefined time shape suitable for optical mixing and homodyne detection,
which is important for quantum repeaters, entanglement swapping, one-way quantum
computation etc. In order to increase light-matter coupling, it is reasonable to use
cavities with larger cavity field lifetime, while use of shorter signals may improve
the scheme operation speed and overcome the effect of atomic relaxation. We have
investigated the non-adiabatic effects that arise beyond the bad cavity limit and
suggested a physical explanation of these effects. We find the control field time profiles
that result in the retrieval of the signal of a given time shape and duration for different
cavity field lifetimes. An optimal ratio of the signal duration to the cavity field lifetime
that makes it possible to apply control field with less peak intensity and to minimize
a variety of potentially harmful non-linear effects is revealed.
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